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(Contents)

• This paper proposes the transformations for root-N-consistently estimating 
the dynamic fixed effects logit models.

• Transformations for the dynamic fixed effects logit model without 
explanatory variable

→ root-N consistent GMM estimators

→ Construction of the conditional maximum likelihood estimator 
(CMLE) proposed by Chamberlain (1985)

• Transformations for the dynamic fixed effects logit model with strictly 
exogenous continuous explanatory variables

→ root-N consistent GMM estimators （Until now, it was the dogma
that no root-N consistent estimator is feasible for this model.）

• Monte Carlo experiments
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（Intro.） Motivation of this paper（significance of developing 
the estimators for the dynamic panel logit）

• Incorporating dynamics into the binary choice models is one of the issues 
which attract the interest of econometricians（allowing for the persistence 
of an event in past）.

• In this case, the logit specification is often used － because of tractability

• In this case, the micro datasets are often dealt with － which are much 
more accessible than before. （example: household brand choice and 
female labor force participation）

• In many cases, the micro datasets available have the panel structure where 
the number of individuals is large but the number of time periods is small.

• Accordingly, it is meaningful that we develop the estimators for the 
dynamic panel logit with time length being short.
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（Intro.） Objective of this paper（Proposal of the root-N consistent 
estimators for the dynamic fixed effects logit model）

• We deal with the fixed effects model, because the fixed effects model is 
more flexible than the random effects model.

• However, the fixed effects model is haunted by the incidental parameters 
problem.

• Solving the incidental parameters problem using the fairly traditional 
approach gives rise to the (asymptotically normal) root-N consistent 
estimators (in which the convergence rate equals the inverse of the square 
root of the cross-sectional sample size) for the dynamic fixed effects logit 
models.

• We deal with both dynamic fixed effects logit models without explanatory 
variables and with strictly exogenous continuous explanatory variables.
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（Intro.） Conventional estimator for the dynamic fixed effects 
logit model without explanatory variables

• Conditional Maximum Likelihood Estimator (CMLE) proposed by 
Chamberlain (1985) 

ー Root-N consistent estimator

ー necesiates 4 or more time periods (unless the initial 
conditions are specified)
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（Intro.） Conventional (so-called nontraditional) estimation methods 
for the dynamic fixed effects logit models with strictly exogenous 
continuous explanatory variables

• No root-N consistent estimator is proposed until now.

• Estimator proposed by Honoré and Kyriazidou (2000) － uses 
Kernel weight. （The convergence rate is slower than root-N, 
depending on cross-sectional size (N) and band width）.

• Bias-correction estimators (Carro (2007), Bester and Hansen 
(2009),Fernández-Val (2009), Hahn and Kuersteiner (2011), and Yu et 
al. (2012))  ー Unbiased estimator if number of time periods is 
moderately large, but not root-N consistent.

• Pseudo CMLE(Bartolucci and Nigro (2012))   ー one of the 
approximation estimators and accordingly not root-N consistent for 
the true model.
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（Intro.） Estimation methods in this paper for dynamic fixed 
effects logit model without explanatory variable

• Step 1： The model is transformed into the simple linear panel data 
models with additive fixed effects.

• Step 2： The error-components structures holding between the logit 
model and the transformed linear panel data models give the valid 
moment conditions (including the stationarity moment conditions).

• Step 3： Using these moment conditions, we root-N-consistently 
estimate the parameter of interest by GMM.

• Step 4： It is shown that the first-order condition of the CMLE 
proposed by Chamberlain (1985) can be rewritten as the 
combinations of some of these moment conditions.
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（Intro.） Estimation methods in this paper for dynamic fixed effects 
logit model with strictly exogenous continuous explanatory variables

• Step 1： The model is transformed in order that the logit probabilities 
composed of the fixed effects and the explanatory variables are separated 
out as the additive terms.

• Step 2： Next, the valid moment conditions, which need four or more time 
periods, are obtained by applying a variety of the hyperbolic tangent 
differencing (HTD) transformation proposed by Kitazawa (2012) to the 
transformed forms of the model.

• Step 3： Using these moment conditions, we root-N-consistently estimate 
the parameters of interest by GMM.

• Accordingly, the root-N consistent estimators are feasible for the dynamic 
fixed effects logit model with strictly exogenous continuous explanatory 
variables, as long as the time periods are four or more.
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（Intro.） Dynamic fixed effects logit model with strictly 
exogenous continuous explanatory variables

• Now, a window is opened into the sense of stagnation in which the recent 
researches on the dynamic fixed effects logit model with strictly exogenous 
continuous explanatory variables seem to be packed in the atmosphere of 
relinquishing the pursuit of the root-N consistent estimators.

• The window is opened by dint of the extremely traditional reaction.

• Hahn’s (2001) suggestion is no longer applicable to the case of four or more 
time periods. (The suggestion states that the root-N consistent estimation 
is infeasible in general specifications including strictly exogenous 
continuous explanatory variables in the dynamic fixed effects logit.)

• To the best of author’s knowledge, this paper for the first time proposes 
the root-N consistent estimators for the dynamic fixed effects logit model 
with strictly exogenous continuous explanatory variables.
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(Intro.) Structure of the paper

• Section 2： (1) Presentation of the dynamic fixed effects logit model 
without explanatory variable and with strictly exogenous continuous 
explanatory variable. (2) Derivation of valid moment conditions for 
both models. (3) Construction of root-N consistent GMM estimator.

• Section 3： Monte Carlo experiments for the GMM estimators 
constructed in section 2

• Section 4: Conclusion
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• Simple dynamic fixed effects logit model

for  t =2,…,T

ηi: fixed effect yit: dep. var.（1 or 0） γ：Parameters of interest

vit: disturbance i: individual t: time i = 1,…,N t =1,…,T

N → ∞ T being fixed

（Model and estimation） Dynamic fixed effects logit model without 
explanatory variable (Simple dynamic fixed effects model) and its estimation

（Implicit form）

, 1( , )
it i i t it

y p y vη −= +
1

1E[ | , , ] 0t

it i i iv y vη − =

, 1 , 1 , 1
( , ) exp( ) / (1 exp( ))

i i t i i t i i t
p y y yη η γ η γ− − −= + + +
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（Model and estimation） Dynamic fixed effects logit model without 
explanatory variable (Simple dynamic fixed effects model) and its estimation

（Shape-shifting）

• We rewrite the probability in the simple dynamic fixed effects logit model:

• The above is the logit specification of the linear AR(1) (autoregressive 
model of order 1) regression form considered by Al-Sadoon et al. (2012) for 
the dynamic binary choice panel data model with fixed effects

, 1 , 1( , ) ( ) ( )
i i t i i t i

p y f y gη η η− −= +

( ) ( ) ( )
i i i

f h gη η η= −

( ) exp( ) / (1 exp( ))
i i i

g η η η= +

( ) exp( ) / (1 exp( ))i i ih η η γ η γ= + + +
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（Model and estimation） Dynamic fixed effects logit model without 
explanatory variable (Simple dynamic fixed effects model) and its estimation

（Transformation）

• Two types of transformations of the simple dynamic fixed effects logit 
model into the  linear panel data model with additive fixed effects

• g-form

for 

• h-form

for  

• wit , ωit : new disturbances. : parameter of interest

, 1 , 1(1 ) ( )it i t it i t i ity y y y g wδ η− += − + +
1

1E[ | , , ] 0
t

it i i i
w y vη − =

, 1 , 1(1 ) (1 ) ( )
it i t it i t i it

y y y y hδ η ω− += − − − + +
1

1E[ | , , ] 0t

it i i iy vω η − =

2 1t T≤ ≤ −

2 1t T≤ ≤ −

Fixed effect

Fixed effect

exp( ) 1δ γ= −
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（Model and estimation） Dynamic fixed effects logit model without 
explanatory variable (Simple dynamic fixed effects model) and its estimation 

（Standard moment conditions）

• Standard linear moment conditions are obtains for consistently 
estimating δ, by eliminating the fixed effects g(ηi) と h(ηi) (using the 
first-differencing transformation).

• Standard moment conditions based on g-form

for   

for                    ;  

• Standard moment conditions based on h-form

for

for                    ; 

E[ ] 0
it

u∆ =

E[ ] 0
is it

y u∆ =

E[ ] 0
it

υ∆ =

E[ ] 0
is it

y υ∆ =

, 1 , 1(1 )it it i t it i tu y y y yδ − += − −

, 1 , 1(1 ) (1 )
it it i t it i t

y y y yυ δ − += + − −

3 1t T≤ ≤ −

1 2s t≤ ≤ − 3 1t T≤ ≤ −

3 1t T≤ ≤ −

1 2s t≤ ≤ − 3 1t T≤ ≤ −
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（Model and estimation） Dynamic fixed effects logit model without 
explanatory variable (Simple dynamic fixed effects model) and its estimation

（Stationarity）

• Stationarity for simple dynamic fixed effects logit model

• If the initial conditions for the binary dependent variables are written 
as follows:

• binary dependent variables yit are stationary:

1 1( ) / (1 ( ))i i i iy g f vη η= − +

1
E[ | ] 0

i i
v η =

E[ | ] ( ) / (1 ( ))it i i iy g fη η η= −
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（Model and estimation） Dynamic fixed effects logit model without 
explanatory variable (Simple dynamic fixed effects model) and its estimation

（ Stationarity moment conditions）

• (Linear) stationarity moment conditions root-N-consistently 
estimating δ for the simple dynamic fixed effects logit model

• Stationarity moment conditions based on g-form

for  

• Stationarity moment conditions based on h-form

for 

• These correspond the stationarity moment conditions for the 
ordinary linear dynamic panel data model（Arellano and Bover (1995); 
Ahn and Schmidt (1995); Blundell and Bond (1998)）.

, 1E[ ] 0i t ity u−∆ =

, 1E[ ] 0i t ity υ−∆ =

3 1t T≤ ≤ −

3 1t T≤ ≤ −
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（Model and estimation） Relationships with CMLE proposed 
by Chamberlain (1985)

• The CMLE proposed by Chamberlain (1985) for the dynamic fixed 
effects logit model without explanatory variable maximize the 
following likelihood with respect to γ：

with

• For T=4, this CMLE is effeicient under

and/or

1

N

iti =∑ ℓ

2

, 1 , 2 , 1 , 2 , 1( ) ( ( ) ln(1 exp( ( ))))it it i t i t i t i t i ty y y y y yγ γ− − + − += ∆ − − + −ℓ

2( ) 1
it

y∆ = 2

, 2 , 1( ) 1
i t i t

y y− +− =
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（Model and estimation） Relationships with CMLE proposed 
by Chamberlain (1985)

• The first-order condition for the CMLE proposed by Chamberlain 
(1985) for the dynamic fixed effects logit model without explanatory 
variable is written as the sum of the standard moment conditions 
based on g-form and h-form:

• If the binary dependent variable yit is stationary, the above first-order 
condition is written as the sum of the stationarity moment conditions 
based on g-form and h-form:

, 2 , 2E[(1 ) ] 0i t it i t ity u y υ− −− ∆ − ∆ =

, 1E[ ( )] 0
i t it it

y u υ−∆ + =
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• Dynamic fixed effects logit model with the strictly exogenous continuous 
explanatory variable

for  t =2,…,T

ηi: fixed effect yit: dep. var. （1 or 0）

xit: strictly exogenous continuous explanatory variable

γ, β：parameters of interest vit: disturbance

i: individual t: time i = 1,…,N t =1,…,T N → ∞ T being fixed

（ Model and estimation） Dynamic fixed effects logit model with 
strictly exogenous continuous explanatory variables and its estimation

（Implicit form）

, 1
( , , )

it i i t it it
y p y x vη −= +

1

1E[ | , , , ] 0t T

it i i i iv y v xη − =

, 1 , 1 , 1
( , , ) exp( ) / (1 exp( ))

i i t it i i t it i i t it
p y x y x y xη η γ β η γ β− − −= + + + + +
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（ Model and estimation） Dynamic fixed effects logit model with 
strictly exogenous continuous explanatory variables and its estimation

（Shape-shifting）

• Rewriting the probability of Dynamic fixed effects logit model with the 
strictly exogenous continuous explanatory variable,

• The above shape-shifting is the logit specification of the linear AR(1) 
(autoregressive model of order 1) regression form considered by Al-Sadoon
et al. (2012) for the dynamic binary choice panel data model with fixed 
effects

, 1 , 1( , , ) ( , ) ( , )
i i t it i it i t i it

p y x f x y g xη η η− −= +

( , ) ( , ) ( , )i it i it i itf x h x g xη η η= −

( , ) exp( ) / (1 exp( ))
i it i it i it

g x x xη η β η β= + + +

( , ) exp( ) / (1 exp( ))i it i it i ith x x xη η γ β η γ β= + + + + +
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（ Model and estimation） Dynamic fixed effects logit model with 
strictly exogenous continuous explanatory variables and its estimation

（transformation）

• Two types of transformations in which the logit probabilities composed of the fixed 
effects and the explanatory variables are separated out as the additive terms.

• g-form for

• h-form for 

• Wit , Ωit : new disturbances ,     : parameters of interest

2 1t T≤ ≤ −

exp( ) 1δ γ= −

, 1( , )it i i t itU g x Wη += + 1

1E[ | , , , ] 0
t T

it i i i iW y v xη − =

, 1 , 1 , 1

, 1 , 1 , 1

(1 ) (1 ) exp( )

(1 ) exp( ),

it it it i t it i t i t

i t it i t i t

U y y y y y x

y y y x

β

δ β

+ + +

− + +

= + − − − − ∆

− − − ∆

, 1
( , )

it i i t it
h xη +ϒ = + Ω 2 1t T≤ ≤ − 1

1E[ | , , , ] 0t T

it i i i i
y v xη −Ω =

, 1 , 1 , 1

, 1 , 1 , 1

(1 ) exp( )

(1 ) (1 ) exp( ),

it it i t it i t i t

i t it i t i t

y y y y x

y y y x

β

δ β

+ + +

− + +

ϒ = + − ∆

+ − − ∆

β
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（Model and estimation） Dynamic fixed effects logit model with 
strictly exogenous continuous explanatory variable and its estimation
（moment conditions for root-N-consistently estimating ɤ and β）

• By ruling out the fixed effects ηi in g(ηi, xi,t+1) and h(ηi, xi,t+1) using the 
variant of the hyperbolic tangent differencing (HTD) transformation
（kitazawa, 2012）, the moment conditions for root-N-consistently 
estimating ɤ and β are obtained.

• Mom. cond. based on g-form for 

• Mom. cond. based on h-form    for 

2

1E[ | , , , ] 0t T

it i i i iU y v xη − =ℏ

, 1

, 2 , 1 , 1 , 1tanh((1 / 2)( ( )))( 2 ),

it it i t

i t it i t it i t it i t

U U y

y x x U y U yγ β

−

− + − −

= −

− − + ∆ + ∆ + −

ℏ

3 1t T≤ ≤ −

2

1E[ | , , , ] 0t T

it i i i iy v xη −ϒ =ℏ 3 1t T≤ ≤ −

, 1

, 2 , 1 , 1 , 1tanh((1 / 2)( (1 ) ( )))( 2 ).

it it i t

i t it i t it i t it i t

y

y x x y yγ β

−

− + − −

ϒ = ϒ −

− − + ∆ + ∆ ϒ + − ϒ

ℏ
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（Model and estimation） Dynamic fixed effects logit models and 

their estimations (Estimation method: GMM)

• Vector of moment conditions’ set (m×1)

m: # of moment cond., θ=ɤ （without regressor）, θ=(ɤ,β) （with regressor)

• Optimal GMM estimator ����� is obtained by minimizing the following 

quadratic form with respect to �.（��	 is any consistent estimator of  � .）

with                                    ,

• Optimal GMM estimator is the (asymptotically normal) root-N 
consistent estimator:

where and

E[ ( )] 0
i

ϕ θ =

( )
1

1
ˆ( ) ( ) ( )ϕ θ θ ϕ θ

−

′ Θ
1

( ) (1/ ) ( )
N

ii
Nϕ θ ϕ θ

=
= ∑ 1 1 11

ˆ ˆ ˆ( ) (1/ ) ( ) ( )
N

i ii
Nθ ϕ θ ϕ θ

=
′Θ = ∑

1/2 1 1

GMM 0 0 0 0
ˆ( ) N(0, ( ( ) ( ( )) ( )) )

d

N D Dθ θ θ θ θ− −′− → Θ

00( ) ( E[ ( )] / ) |iD θ θθ ϕ θ θ =
′= ∂ ∂

0 0 0( ) E[ ( ) ( ) ]
i i

θ ϕ θ ϕ θ ′Θ =

θ0 : true 

value of θ
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（Monte Carlo） Model without explanatory 
variables

• DGP for the model without explanatory variables

• Parameters with values being set： ,  

• Cross-sectional sample size N=1000, 5000, 10000   # of time periods T = 4, 8     
# of replications RN = 10000

, 1
1 if ( , )

0 otherwise

i i t it

it

p y
y

η ζ− >
= 


1

1

1 if ( )

0 otherwise

i i

i

q
y

η ζ>
= 


, 1 , 1 , 1( , ) exp( ) / (1 exp( ))
i i t i i t i i t

p y y yη η γ η γ− − −= + + +

( ) 1/ (1 (1 exp( )) / (exp( )(1 exp( ))))i i i iq η η η η γ= + + + +

~ U(0,1)
it

ζ 2~ N(0, )
i ηη σ

γ 2

ησ
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（Monte Carlo） Model without explanatory 
variables
• GMM estimator to be investigated

• GMM(g-STD): GMM estimator only using the standard moment 
conditions based on g-form

• GMM(g-SYS): GMM estimator using both the standard moment 
conditions and stationarity moment conditions based on g-form

• GMM(h-STD): GMM estimator only using the standard moment 
conditions based on h-form

• GMM(h-SYS): GMM estimator using both the standard moment 
conditions and stationarity moment conditions based on h-form

• GMM(FOC-o): GMM estimator using the first-order conditions of 
CMLE

• GMM(FOC-s): GMM estimator using the first-order conditions of 
CMLE assuming the stationarity of dependent variables
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（Monte Carlo） Model without explanatory 
variables

• Table 2. Monte Carlo results for the (simple) dynamic fixed effects 
logit model without explanatory variable, T=8

N  = 1000 N  = 5000 N  = 10000

bias rmse bias rmse bias rmse

Simulation (1a)

GMM(g-STD) γ
-0.066 0.107 -0.012 0.038 -0.006 0.026

GMM(g-SYS) γ -0.049 0.090 -0.009 0.034 -0.004 0.023

GMM(h-STD) γ
-0.058 0.101 -0.011 0.038 -0.005 0.026

GMM(h-SYS) γ -0.050 0.089 -0.009 0.034 -0.005 0.023

GMM(FOC-o) γ
-0.006 0.095 0.000 0.042 -0.001 0.030

GMM(FOC-s) γ -0.004 0.103 0.000 0.046 -0.001 0.033

Simulation (1b)

GMM(g-STD) γ
-0.090 0.134 -0.017 0.045 -0.008 0.031

GMM(g-SYS) γ -0.064 0.107 -0.012 0.038 -0.005 0.026

GMM(h-STD) γ
-0.084 0.130 -0.016 0.045 -0.007 0.031

GMM(h-SYS) γ -0.068 0.109 -0.013 0.038 -0.006 0.026

GMM(FOC-o) γ
-0.007 0.107 -0.001 0.048 0.000 0.034

GMM(FOC-s) γ -0.005 0.116 -0.001 0.052 0.000 0.037

Simulation (1c)

GMM(g-STD) γ
-1.118 1.243 -0.102 0.139 -0.037 0.072

GMM(g-SYS) γ -0.938 1.027 -0.090 0.128 -0.035 0.070

GMM(h-STD) γ
-0.695 0.780 -0.085 0.125 -0.038 0.074

GMM(h-SYS) γ -0.566 0.639 -0.062 0.107 -0.030 0.069

GMM(FOC-o) γ
-0.020 0.253 0.000 0.109 -0.002 0.078

GMM(FOC-s) γ -0.017 0.258 0.000 0.113 -0.002 0.081

Simulation (1ｄ)

GMM(g-STD) γ
-1.176 1.310 -0.118 0.156 -0.042 0.077

GMM(g-SYS) γ -0.920 1.002 -0.096 0.135 -0.038 0.074

GMM(h-STD) γ
-0.918 1.023 -0.108 0.146 -0.044 0.080

GMM(h-SYS) γ -0.662 0.745 -0.071 0.114 -0.032 0.071

GMM(FOC-o) γ
-0.024 0.256 -0.002 0.111 -0.001 0.079

GMM(FOC-s) γ -0.022 0.260 -0.002 0.115 -0.001 0.082

Simulation (1a): ɤ Low, ση
2 Small

ɤ=0.5, ση
2=0.5

Simulation (1b): ɤ Low, ση
2 Large

ɤ=0.5, ση
2=1.5

Simulation (1c): ɤ High, ση
2 Small

ɤ=2.5, ση
2=0.5

Simulation (1d): ɤ High, ση
2 Large

ɤ=2.5, ση
2=1.5
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（Monte Carlo） Model without explanatory 
variables

• The additional usage of the stationarity moment conditions improves the 
small sample performances of the GMM estimators, especially for the high 
value of the persistence parameter ɤ （comparing the results of GMM(g-
STD) and GMM(h-STD) with those of GMM(g-SYS) and GMM(h-SYS) ）.

• However, the dramatic improvement in terms of bias and rmse for the high 
value of the persistence parameter is conducted by using the GMM(FOC-o) 
estimator (which uses the first-order conditions of the CMLE written as the 
plain sums of fractions of the moment conditions used mainly in the 
GMM(g-STD) and GMM(h-STD) estimators).

• It cannot be said that the GMM(FOC-s) estimator (which uses the first-
order conditions of the CMLE written using the plain sums of the 
stationarity moment conditions) behaves well for the low value of the 
persistent parameter ɤ and the large value of the ση

2.
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（Monte Carlo） Model with strictly exogenous 
continuous explanatory variables

• DGP for the model with strictly exogenous continuous regressor

• Parameters with values being set： ,     , ,     ,     ,

• Cross-sectional sample size N=1000, 5000, 10000          # of time periods T = 4, 8    
# of Replications RN = 10000

, 11 if ( , , )

0 otherwise

i i t it it

it

p y x
y

η ζ− >
= 


1 1

1

1 if ( , )

0 otherwise

i i i

i

q x
y

η ζ>
= 


, 1 , 1 , 1( , , ) exp( ) / (1 exp( ))
i i t it i i t it i i t it

p y x y x y xη η γ β η γ β− − −= + + + + +

1 1 1 1( , ) 1/ (1 (1 exp( )) / (exp( )(1 exp( ))))
i i i i i i i i

q x x x xη η β η β η γ β= + + + + + + +

, 1it i t i itx xρ τ η ε−= + + 2 1/2

1 1( / (1 )) (1/ (1 ) )i i ix τ ρ η ρ ε= − + −

~ U(0,1)
it

ζ 2~ N(0, )i ηη σ 2
~ N(0, )it εε σ

γ β ρ τ 2

ησ
2

εσ
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（Monte Carlo） Model with strictly exogenous 
continuous explanatory variables

• GMM(g-HTD) : Moment conditions used by [GMM based on g-form]

• for 

• for                          ;

• for                              ; 

• GMM(h-HTD) : Moment conditions used by [GMM based on h-form]  

• or 

• for                          ;

• for                              ; 

E[ ] 0itU =ℏ

E[ ] 0is ity U =ℏ

E[ ] 0is itx U∆ =ℏ

3 1t T≤ ≤ −

1 2s t≤ ≤ − 3 1t T≤ ≤ −

1 1t s t− ≤ ≤ + 3 1t T≤ ≤ −

E[ ] 0
it

ϒ =ℏ

E[ ] 0is ity ϒ =ℏ

E[ ] 0is itx∆ ϒ =ℏ

3 1t T≤ ≤ −

1 2s t≤ ≤ −

1 1t s t− ≤ ≤ +

3 1t T≤ ≤ −

3 1t T≤ ≤ −
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（Monte Carlo） Model with strictly exogenous 
continuous explanatory variables

• Table 4. . Monte Carlo results for the dynamic fixed effects logit model with 
strictly exogenous continuous explanatory variable, T=8

N  = 1000 N  = 5000 N  = 10000

bias rmse bias rmse bias rmse

Simulation (2a)

GMM(g-HTD) γ
-0.047 0.110 -0.010 0.044 -0.004 0.030

β 0.000 0.060 0.000 0.026 0.000 0.019

GMM(h-HTD) γ
-0.038 0.105 -0.008 0.044 -0.003 0.031

β -0.005 0.060 -0.001 0.027 -0.001 0.019

Simulation (2b)

GMM(g-HTD) γ
-0.079 0.152 -0.016 0.059 -0.007 0.040

β 0.007 0.082 0.002 0.036 0.001 0.026

GMM(h-HTD) γ
-0.067 0.146 -0.013 0.059 -0.006 0.041

β -0.007 0.082 -0.001 0.037 0.000 0.026

Simulation (2c)

GMM(g-HTD) γ
-0.198 0.294 -0.035 0.099 -0.016 0.067

β 0.025 0.128 0.010 0.059 0.005 0.041

GMM(h-HTD) γ
-0.179 0.279 -0.034 0.102 -0.017 0.069

β 0.006 0.125 0.006 0.059 0.004 0.042

Simulation (2a): low persistence

ɤ=0.5, β=0.5, ρ=0.5, ση
2=0.5, σε

2=0.5

Simulation (2b): moderate persistence

ɤ=0.8, β=0.8, ρ=0.7, ση
2=0.5, σε

2=0.5

Simulation (2c): high persistence

ɤ=1.1, β=1.1, ρ=0.9, ση
2=0.5, σε

2=0.5
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（Monte Carlo） Model with strictly exogenous 
continuous explanatory variables

• The size alleviations of bias and rmse for the GMM(g-HTD) and GMM(h-
HTD) estimators back up the presence of the root-N consistent estimators 
for the dynamic fixed effects logit model with strictly exogenous 
continuous explanatory variables.

• The larger downward biases for the GMM(g-HTD) and GMM(h-HTD) 
estimators of the persistence parameter γ are recognizable when the data 
of the dependent and explanatory variables are more persistent
（presumably due to  the weak instruments problem）.

• The same is true of the coefficient β on the explanatory variable.

• The sizes of bias and rmse with respect to β are small, compared to those 
with respect to γ.
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（ Conclusion）

• In this paper, the transformations and valid moment conditions were 
advocated for the dynamic fixed effects logit models without explanatory 
variable and with strictly exogenous continuous explanatory variables.

• For the model without explanatory variable, the valid moment conditions 
are constructed based on the error-components structures after the model 
is transformed into the simple linear panel data models with additive fixed 
effects.

• For the model with strictly exogenous continuous explanatory variables, 
the valid moment conditions are constructed by applying a variety of the 
HTD transformation (Kitazawa, 2012) after the model is transformed in 
order that the logit probabilities composed of the fixed effects and the 
explanatory variables are separated out as the additive terms.
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（Conclusion）

• The climax of the paper is that if number of time 
periods of panel data is four or more, the root-N 
consistent GMM estimators can be constructed for 
the dynamic fixed effects logit model with strictly 
exogenous continuous explanatory variables.

• It was the traditional approach that was conducive to 
constructing the root-N consistent estimators for the 
dynamic fixed effects logit model with strictly 
exogenous continuous explanatory variables.
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(Postscript)

• Honoré and Kyriazidou’s (2000) estimator cannot estimate the 
dynamic fixed effects logit models with time dummies, since they use 
the kernel weight （see Carro, 2007, etc）.

• Hahn’s (2000) suggestion states that the root-N consistent 
estimations of the time dummies for these models are infeasible.

• However, the estimator proposed in this paper can root-N-
consistently estimate the time dummies as well as other parameters 
of interest in this models.
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(Postscript)

• We illustrate the feasibility of the root-N-consistent estimation for the 
dynamic fixed effects logit model with time dummies by using some 
Monte Carlo experiments.

• Convergence rates are faster than or approximately � in almost all 
cases in Monte Carlo.
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Memo: The convergence rate of the vector of parameters of interest to be

estimated by the estimators proposed in this paper for the dynamic fixed effects

logit model with explanatory variables is � even if number of explanatory

variables increase. On the contrary, Honoré and Kyriazidou’s (2000) estimator

becomes much slower and slower than � for the larger number of explanatory

variables.



(P.S. 1) Dynamic fixed effects logit model （with strictly 
exogenous explanatory variable + time dummies）

• Dynamic fixed effects logit model （with strictly exogenous explanatory variable + time 
dummies）

• ���:    binary dependent variable for individual � at time  （１ or ０）, taking 1 with above 
probability 

• ��: fixed effect ���: time dummy ���:strictly exo. continuous regressor ���: disturbance

• �, �: parameters of interest

• Assumptions on disturbances：

• ��
��	 = ( ��	, … , ��,��	) ��

� = ( ��	, … , ���)

( )
( )

, 1

, 1

exp

1 exp

i i t it

it it

i i t i

t

tt

TD

TD

y x
y v

y x

η γ β

η γ β

−

−

+ + +
= +

+ + + +

1

1E[ | , , , ] 0t T

it i i i i
v y v xη − =
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(P.S. 1) Dynamic fixed effects logit model （with strictly 
exogenous explanatory variable + time dummies）

• Conditional moment conditions（g-form）,  derived the same method 
as kitazawa (2013)

1 , -2E[ | , , , ] 0T

it i i i t iU y v xη+ =ℏ

, 1

, 2 , 1

, 1 , 1

1 ( )
tanh ( 2 )

2

it it i t

i t it i t

it i t i i

t t

t t

TD T

U U y

y x x
U y U

D
y

γ β

+ +
−

− + + +
− −

+

= −

− + + + ∆ + ∆ 
− + − 

 

∆ ∆

ℏ

( )

( )
, 1 , 1 , 1

, 1 , 1 1 , 1

1(1 ) (1 ) exp

(exp( ) 1) (1 ) exp

it it it i t it i t i t

i t it

t

i t i tt

U y y y y y x

y y y x

TD

TD

β

γ β

+

+

+ + +

+ ++−

= + − − − − − ∆

− − − − − ∆

∆

∆

where

with
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(P.S. 1) Dynamic fixed effects logit model （with strictly 
exogenous explanatory variable + time dummies）

• Conditional moment conditions（g-form）,  derived the same method 
as kitazawa (2013)

where

with

1 , -2E[ | , , , ] 0
T

it i i i t iy v xη+ϒ =ℏ

, 1

, 2 , 1

, 1 , 1

1(1 ) ( )
tanh ( 2 )

2

it it i t

i t it i t

it i t it i

t t

t

TD
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TDγ β
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, 1 , 1 , 11

, 1 , 1 , 11
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(P.S. 1) Dynamic fixed effects logit model （with strictly 
exogenous explanatory variable + time dummies）
Unconditional moment conditions for �-consistent estimation

• Using two types of unconditional moment conditions based on both 
g-form and h-form, the joint estimations of �, � and time dummies
（∆���, ⋯ , ∆���） are conducted.

• Moment conditions used in GMM（3 ≤  ≤ � − 1;  − 1 ≤ $ ≤  + 1）

E[ ] 0itU
+ =ℏ

, 2E[ ] 0i t ity U
+

− =ℏ

E[ ] 0is itx
+∆ ϒ =ℏ

E[ ] 0it

+ϒ =ℏ

, 2E[ ] 0i t ity
+

− ϒ =ℏ

E[ ] 0is itx U
+∆ =ℏ

g-form h-form
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(P.S. 1) Dynamic fixed effects logit model （with strictly 
exogenous explanatory variable + time dummies）
Monte Carlo

• DGP

• Parameters with values being set：

• ��� ( = 1, … , �), �, &, ', (, )*
+, ),

+

, 11 if ( , , , )

0 otherwise

i i t it t it

it

p y x TD
y

η ζ− >
= 


1 1 1

1

1 if ( , , )

0 otherwise

i i i

i

q x TD
y

η ζ>
= 


, 1 , 1 , 1
( , , , ) exp( ) / (1 exp( ))

i i t it t i i t it t i i t it t
p y x TD y x TD y x TDη η γ β η γ β− − −= + + + + + + +

1 1 1 1 1 1( , , ) exp( ) / (1 exp( ))
i i i i i i

q x TD x TD x TDη η β η β= + + + + +

, 1it i t i it
x xρ τ η ε−= + + 2 1/2

1 1( / (1 )) (1/ (1 ) )i i ix τ ρ η ρ ε= − + −

~ U(0,1)itζ
2~ N(0, )i ηη σ 2~ N(0, )it εε σ

N=1,000,     10,000,     100,000

T=4, 8

-. = 2,500
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(P.S. 1) Monte Carlo results

（case of strictly exogenous 
explanatory variable + time 

dummies, T=4）

As N increases such as 1,000 ->  10,000 
->  100,000, precision and accuracy of 
the estimator increase.

Simulation(A-a)
� = 0.5, � = 0.5, ' = 0.5,
( = 0.1, )*

+  = 0.5,       ),
+ = 0.5, 

TD	 = 0.5,       TD+ = 1.0, 
TD� = −0.5,    TD4 = 0.0

Simulation(A-a)
� = 1.1, � = 1.1, ' = 0.9,
( = 0.1, )*

+  = 0.5,       ),
+ = 0.5, 

TD	 = 0.5,       TD+ = 1.5, 
TD� = −0.5,    TD4 = 0.0
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(P.S. 1) Monte Carlo results

（case of strictly exogenous 
explanatory variable + time 

dummies, T=8）
As N increases such as 1,000 ->  10,000 ->  
100,000, precision and accuracy of the 
estimator increase.

Simulation(A-a)
� = 0.5, � = 0.5, ' = 0.5,
( = 0.1, )*

+  = 0.5,       ),
+ = 0.5, 

TD	 = 0.5,       TD+ = 1.0, 
TD� = −0.5,    TD4 = 0.0, 
TD6 = −0.5,    TD7 = 0.5, 
TD8 = 0.0,        TD9 = −1.0
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(P.S. 1) Monte Carlo results

（case of strictly exogenous 
explanatory variable + time 

dummies, T=8）
As N increases such as 1,000 ->  10,000 ->  
100,000, precision and accuracy of the 
estimator increase.

Simulation(A-b)
� = 1.1, � = 1.1, ' = 0.9,
( = 0.1, )*

+  = 0.5,       ),
+ = 0.5, 

TD	 = 0.5,       TD+ = 1.5, 
TD� = −0.5,    TD4 = 0.0,
TD6 = −1.5,     TD7 = 0.5, 
TD8 = −1.0,    TD9 = −0.5
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(P.S. 2) Dynamic fixed effects logit model （with no 
explanatory variable but with time dummies）

• Dynamic fixed effects logit model （with no explanatory variable but with time dummies）

• ���:    binary dependent variable for individual � at time  （１ or ０）, taking 1 with above 
probability 

• ��: fixed effect ���: time dummy ���: disturbance

• � : parameter of interest

• Assumptions on disturbances：

• ��
��	 = ( ��	, … , ��,��	)

( )
( )

, 1

, 1

exp

1 exp

i i t

i

t

t

t it

i i t

y
y
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v

yTD

η γ

η γ
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−

+ +
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+ + +

1

1E[ | , , ] 0t

it i i i
v y vη − =
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(P.S. 2) Dynamic fixed effects logit model （with no 
explanatory variable but with time dummies）

• Conditional moment conditions（g-form）,  derived the same method 
as kitazawa (2013)

2
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(P.S. 2) Dynamic fixed effects logit model （with no 
explanatory variable but with time dummies）

• Conditional moment conditions（h-form）,  derived the same method 
as kitazawa (2013)

where

with
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(P.S. 2) Dynamic fixed effects logit model （with no explanatory 
variable but with time dummies）
Unconditional moment conditions for �-consistent estimation

• Using two types of unconditional moment conditions based on both 
g-form and h-form, the joint estimations of � and time dummies
（∆���, ⋯ , ∆���） are conducted.

• Moment conditions used in GMM（3 ≤  ≤ � − 1）

E[ ] 0itU
− =ℏ

, 2E[ ] 0i t ity U
−

− =ℏ

E[ ] 0it

−ϒ =ℏ

, 2E[ ] 0i t ity
−

− ϒ =ℏ

g-form h-form
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(P.S. 2) Dynamic fixed effects logit model （with no explanatory 
variable but with time dummies）
Monte Carlo

• DGP

• Parameters with values being set：

• ��� ( = 1, … , �), �, )*
+

, 11 if ( , , )

0 otherwise

i i t t it

it

p y TD
y

η ζ− >
= 


1 1

1

1 if ( , )

0 otherwise

i i

i

q TD
y

η ζ>
= 


, 1 , 1 , 1( , , ) exp( ) / (1 exp( ))
i i t t i i t t i i t t

p y TD y TD y TDη η γ η γ− − −= + + + + +

1 1 1( , ) exp( ) / (1 exp( ))
i i i

q TD TD TDη η η= + + +

~ U(0,1)itζ
2~ N(0, )i ηη σ

N=1,000,     10,000,     100,000

T=4, 8

-. = 2,500
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(P.S. 2) Monte Carlo results

（case of no explanatory 
variable + time dummies, 
T=4）

As N increases such as 1,000 ->  10,000 ->  
100,000, precision and accuracy of the 
estimator increase.

Simulation(A-a)
� = 0.5,

)*
+ = 0.5,

TD	 = 0.5,       TD+ = 1.0, 
TD� = −0.5,    TD4 = 0.0

Simulation(A-a)
� = 1.1, 

)*
+  = 0.5,  

TD	 = 0.5,       TD+ = 1.5, 
TD� = −0.5,    TD4 = 0.0
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(P.S. 2) Monte Carlo results

（case of no explanatory 
variable + time dummies, 
T=8）

As N increases such as 1,000 ->  10,000 ->  
100,000, precision and accuracy of the 
estimator increase.

Simulation(A-a)
� = 0.5, 

)*
+  = 0.5,  

TD	 = 0.5,        TD+ = 1.0, 
TD� = −0.5,    TD4 = 0.0, 
TD6 = −0.5,    TD7 = 0.5, 
TD8 = 0.0,       TD9 = −1.0
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(P.S. 2) Monte Carlo results

（case of no explanatory 
variable + time dummies, 
T=8）

As N increases such as 1,000 ->  10,000 ->  
100,000, precision and accuracy of the 
estimator increase.

Simulation(A-b)
� = 1.1, 

)*
+  = 0.5,  

TD	 = 0.5,       TD+ = 1.5, 
TD� = −0.5,     TD4 = 0.0,
TD6 = −1.5,     TD7 = 0.5, 
TD8 = −1.0,    TD9 = −0.5
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